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ABSTRACT

Real-world optimisation problems often involve dynamics, where
objective functions may change over time. Previous studies have
shown that evolutionary algorithms (EAs) can solve dynamic opti-
misation problems. Additionally, the use of diversity mechanisms,
populations, and parallelisation can enhance the performance of
EAs in dynamic environments if appropriate parameter settings are
utilised. Self-adaptation, which encodes parameters in genotypes of
individuals and allows them to evolve together with solutions, can
help configure parameters of EAs. This parameter control mecha-
nism has been proved to effectively handle a static problem with
unknown structure. However, the benefit of self-adaptation on dy-
namic optimisation problems remains unknown. We consider a
tracking dynamic optima problem, the so-called Dynamic Substring
Matching (DSM) problem, which requires algorithms to succes-
sively track a sequence of structure-changing optima. Our analyses
show that mutation-based EAs with a fixed mutation rate have a
negligible chance of tracking these dynamic optima, while the self-
adaptive EA tracks them with an overwhelmingly high probability.
Furthermore, we provide a level-based theorem with tail bounds,
which bounds the chance of the algorithm finding the current op-
tima within a given evaluation budget. Overall, self-adaptation is
promising for tracking dynamic optima.
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1 INTRODUCTION

Evolutionary algorithms (EAs) can solve a wide variety of dynamic
optimisation problems, where the objective function changes over
time [22]. In this context, algorithms need to adapt and update
solutions quickly since previously best solutions might no longer
be good. Many rigorous analyses on EAs and other randomised
search heuristics in dynamic environments have been published in
the previous two decades. Table 1 summarises existing theoretical
works on dynamic problems in evolutionary computation (EC).
These studies can be categorised into three types.

The first type of research aims to evaluate the performances of
algorithms on optimising a dynamic function with randomly chang-
ing optima. The criteria can be the number of evaluations when
the algorithm first hits the current optima. For example, Droste
[15], Droste et al. [16] proposed the dynamic ONEMAX, which com-
putes the Hamming distance to the changed bitstring (the dynamic
optimum). In this function, each generation generates a new opti-
mum by bit-wisely flipping the last optimal bitstring with proba-
bility gq. They demonstrated that the (1+1) EA could catch an op-
timal solution of this function in polynomial time if and only if
p = O (log(n)/n?). Kotzing et al. [23] extended the analysis from
bitstring to larger alphabets, and showed that the number of values
per dimension does not affect the performance of the (1+1) EA.
Jansen and Wegener [21], for the first time, analysed a population-
based algorithm but on a simple ONEMAX-variant problem in a
two-dimensional lattice.

The second type of research is to analyse the runtime of algo-
rithms on a dynamic function with the global and unique optimum.
For example, the weights of bit positions in the noisy linear function
[33] and the dynamic BINVAL (DBV) function [30, 31] are randomly
sampled from certain distributions before each generation, but
the optimum is always 1". From the literature, the (1+1) EA can
find 1" in O(nlog(n)) on the noisy linear function [33], and the
2-tournament EAs which is a non-elitist population-based algo-
rithm can optimise DBV in O(n?) runtimes [26]. Another exam-
ples are MAGNITUDE [42] and BALANCE [42], where the magnitude
and frequency of changes of functions can be set for theoretical
analysis. Rohlfshagen et al. [42] found that the BALANCE function
with the high frequency of change might be easier than that with
low frequency for the (1+1) EA. Additionally, on BALANCE, Oliveto
and Zarges [39] rigorously proved that the original (u+1) EA fails,
i.e., exponential runtime, if the frequency of change is sufficiently
low; whereas the (u+1) EA using a fitness-diversity mechanism can
achieve a polynomial runtime regardless of the frequency.

The third type of study examines the ability to track dynamic op-
tima. This type of problem has a sequence (path) of optima and the
optimum is changed over time. The algorithms need to follow the
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Table 1: Summary of theoretical studies of randomised search heuristics on dynamic optimisation

Type of Dynamics Problem Algorithm Study
Optimising dynamic function Dynamic ONEMAX [15, 16] (1+1) EA [15, 16]
with randomly changed optima " Generalised Iiyﬁafnﬁ ONEMaX [23]  (1+1)EA [23]
" ONEMaX-variant in 2D lattice [20, 44] (1+))EA [20]
MAGNITUDE [42] (1+1) EA [42]
I (1+)EA [42]
BALANCE [42] (u+1) EA [39

Optimising dynamic function
with a global optimum

(u+1) EAs with diversities  [39
(2+1) RLS with diversity [39

Noisy linear function [33] (1+1) EA [33]
" Dynamic BinVar (DBV) [30,31]  (u+1)EA [32]
2-tournament EA [26]
(1+1) EA [24]
MMAS [24]
Maze [24] (2+1) EA [34]
(1+4) EA [36]
Parallel (1+1) EA [36]
Tracking dynamic optima " Finite-alphabet MazE [34] (u+1) EA with diversity ~  [34]
MMAS* [34]
" Dynamic shortest path [35] A-MMAS [35]
~ (k, p)-stable dynamic function, e.g, ~ (1+1)EA le]
Moving Hamming Ball (MHB) [6] Non-elitist EAs [6]

Dynamic matching substring

(DSM) (Def. 2.1)

Static mutation-based EAs  (Thm. 5.1)
(i, A) self-adaptive EA (Thm. 4.1)

path and find and hold the current optimal solutions before the next
change; otherwise, they will get lost soon. For example, Kétzing and
Molter [24] constructed the MAZE function, in which the optimum
is changed from 1" to 0" and the optimal bitstring oscillates be-
tween two bitstrings that have only one specific bit difference. For
some constant k > 0, the optimal solution of the function changes
every (kn® log(n))-generations. Their analyses showed that a sim-
ple version of the Max-MiN Ant System (MMAS), an ant colony
optimisation (ACO) algorithm, could track and reach the final opti-
mums, while the (1+1) EA loses track of optima. Additionally, using
diversity mechanisms, population and parallelisation can help EAs
in tracking the Maze function [34, 36]. A finite-alphabet variant of
the MAZE problem and the dynamic shortest path problem were
proposed to illustrate the efficiency of the diversity mechanism
and the MMAS [34, 35]. More recently, Dang et al. [6] introduced a
class of dynamic optimisation problems to explain that the popu-
lation is essential in dynamic environments. They proved that the
(1+1) EA and the RLS lose the optimal solution region with constant
probability at any generation, whereas the non-elitist population-
based EAs remain within the optimal region for a long time with
an overwhelmingly high probability [6].

The parameter settings, e.g., population size, mutation rate, are
critical in EAs [10]. The above studies usually suggest parameter set-
tings on specific dynamic optimisation problems. Self-adaptation is
a strategy for parameter control, where the parameters are encoded
within the genomes of individuals and evolve concurrently with
the solutions . Self-adaptive EAs have been proven to be efficient
on several optimisation problems. For a toy function, Doerr et al.
[14] proved that the (1, A) self-adaptive EA optimises ONEMAX in
O(nlog(n)) runtime. For an artificial two-peak function, Dang and
Lehre [7] showed that the 2-tournament EA using two self-adapting
mutation rates can escape the local optimum, while using neither a

fixed mutation rate nor a uniformly selected mutation rate leads to
failure. For an unknown structure function LEADINGONES, Case
and Lehre [1] proved that the (y, A) self-adaptive EA can optimise
it in O(k?) runtime, which is asymptotically optimal among all
unary unbiased black-box algorithms. Note that the structure of the
problem here means the number of relevant bit-positions. Recently,
Lehre and Qin [27, 40] proposed the MOSA-EA which treats param-
eter control from the perspective of multi-objective optimisation.
The runtime analysis showed that the MOSA-EA could efficiently
escape from a local optimum with unknown sparsity. In an empir-
ical study, the self-adaptation parameter control mechanism was
shown to respond to changes of the fitness function, i.e., from ONE-
Max to ZERoMaXx [43]. However, the benefit of self-adaptation on
dynamic optimisation problems remains unknown.

In this paper, we explore whether self-adaptation can be benefi-
cial in dynamic optimisation. We specifically examine a tracking
dynamic optima problem with changing structure that require ad-
justable parameter settings. The structure, as previously discussed,
refers to the number of relevant bits. This problem, the so-called
Dynamic Substring Matching (DSM) problem, requires algorithms to
successively find and hold the solutions that match a sequence of bit-
flipping and length-varying target substrings (structure-changing
optima) within specified evaluation budgets. We show that the EAs
with any fixed mutation rate get lost with constant probability some-
where during tracking the DSM problem (Lemma 5.1), resulting
in an exponentially small probability of achieving the final opti-
mum (Theorem 5.1). Therefore, the variable mutation rates may be
necessary for a successful track. The main contribution is the first
rigorous study of self-adaptive parameter control mechanisms on
dynamic optimisation. We demonstrate that the (y, 1) self-adaptive
EA can track every optimum in the DSM problem (Lemma 4.1) and
reach the final optimum with an overwhelmingly high probability



Self-adaptation Can Help Evolutionary Algorithms Track Dynamic Optima

£,=10 m=4
S 1 00018001 Y NN

x! 1II1111110]
1111111100

:
]
— 1 2
ERER O
RS 1111111000]
<o 1Leooo)
S S TTTTIIT1100007 1
8 o~ 1111110000 10
=) 1
B o x0 1111110000]1011
E L Q1111100001011
ER mz“' 0011110000 1011
n o,y 00Q1110000] 1011
® 1 x'20000110000]1011
a0 v TTTUTETTTTTTRR00T10N0T 01T
g 1 000110011 | 10_
' / X ( - -
2 P s 0000110111 1_
v

%' 0000111111 ]_

£,=14
Figure 1: A sequence of target substrings in an example of
DSM?>m-£:k (3 = 110 = 20, m = 4), s.t. £; = 10 and & = 14.

(Theorem 4.1). Another contribution is the level-based theorem with
tail bounds (Theorem 3.1). To assess the capacity of the self-adaptive
EA in tracking dynamic optima, it is necessary to determine a lower
bound of the probability of achieving the current optimum within
the specified evaluation budget. To address our requirements, we
develop the level-based theorem with tail bounds.

2 PRELIMINARIES

In this section, we introduce the dynamic problem and the algo-
rithms. We first define some notation for use later. The natural loga-
rithm is denoted by In(-). For any n € N, we define [n] := {1,--- ,n}
and [0..n] := [n] N {0}. For any a,b € N, where a < b — 1, we define
[a..b] := [b] \ [a — 1]. Let |x| be the number of bits in a bit-string
x. For any ¢ € N, we define x1.;,, := x1 - xp, be a substring of
x € {0,1}¢ consisting of the first m position bits, where m € [{].
Let ¢ donate bit-string concatenation. The Hamming distance is
denoted by H(:, -). The Hamming-neighbours around a search point
x are denoted by N(x) := {y | H(x,y) = 1} where x,y € {0, 1}
and { € N.Foranyn € N, let X := {0,1}" andlet f : X —» R
be any pseudo-Boolean function. We define the matching function

1 if H(xq.(5» =0
as M(x, ») := { if Hxp:|oel, %) , where x € X is a bitstring

0 otherwise

and > € {0,1}{ isa substring where ¢ € [n], then we say that a
bitstring x matches a substring s if M(x, ) = 1.

2.1 Dynamic Substring Matching Problem

In dynamic environments, the number of pertinent bits may fluc-
tuate (structure changing). This paper consider the DSM problem
where involves this situation. Let ¢ € (0,1), k > 0, 3 € {0,1}1
where {1 € [n — 1], and m € [n — {1] be the parameters of the DSM
problem, then the DSM*+™-#:K problem aims to match a sequence
of bit-flipping and length-varying target substrings (5) ic[am] in
a sequence of corresponding evaluation budgets (77);e[4/n]- The
length of target substrings varies between ¢; and {2 where {3 =
{1 + m resulting in structure changing. The dynamics of the DSM
problem is updated in four phases.
(1) for i € [m], the previous target substring »'~! and the current
target substring »' are the same length but one bit different:
! generated by uniformly at random change one bit of »~1;
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(2) fori € [m + 1..2m], the target substrings are becoming longer:
! generated by appending one random bit in the end of »/~1;

(3) fori € [2m + 1..3m)], similar to stage (1): 5!~! and s are the
same length but one-bit different;

(4) fori € [3m+ 1..4m], the target substrings are becoming shorter:
271 generated by removing the last bit of 5!~! and uniformly
at random flip one of the rest of bits.

Figure 1 illustrates a sequence of target substrings in an exam-

ple DSM problem. The sequence of corresponding evaluation bud-

gets (7i)ie[4m] depends on the lengths of the target substrings, i.e.,

kn®|s!|. The target substrings are changed after evaluation budgets

run out. We call a period between two times of the target change

a phase. We assume that the algorithms start from a starting sub-

string »°. The algorithms are required to find and hold solutions

matching the current target substring before the target changes.

The DSM problem is formally defined in Definition 2.1.

Definition 2.1. Let 3 be some starting target substring where || =:
{1 € [n—1], and m be a positive integers where {1 + m =: {2 < n. Let
(5¢")i>0 be a sequence of target substrings generated by

» ifi =0,
z, where z ~ Unif(N(3¢/71)) ifl1<i<m,
st = 4V o a, wherea ~ Unif({0,1}) ifm+1<i<2m,

z, where z ~ Unif (N(5¢171))
z, where z ~ Unif (N (%i;‘l}(m|,1)))

if2m+1<i<3m,

if3m+1<i<4m.

Let(77)ien be a sequence of the numbers of evaluation moving from
371 to 5 (evaluation budget for ') generated by T; := kn® |11,
where e € (0,1) and k > 0 are some constants. Fort € N, the dynamic
substring matching (DSM) problem with the starting target substring
» is defined as:

2 if MGt x) = 1,
DSMZ™ER () = 11 else if M(</(1).x) = 1, 1)
0 otherwise,

where (t) := 3!, and »'(t) := 571,

1 ift <71,
fori= - .
1+ max {] | X Ti < t} otherwise.

Several methods to evaluate how well algorithms track dynamic
optima have been proposed [6, 24]. Regarding the DSM problem,
algorithms may fail to reach the final optimum if they lose track
during some phases. Therefore, we define the criteria for tracking
in Definition 2.2.

Definition 2.2. A sequence of sets of solutions (Q;);en, where Q; €
X% and A € N, tracks the DSM* ™€k if it begins with the initial
set Qo, where all solutions x satisfy M(x, »¢) = 1, and at least one
solution x’ in Q; satisfies M(x”, »*™) = 1, where = [( ;1;"1 T9)/A]
denotes the end of the final phase.

2.2 Algorithms

This subsection introduces the algorithms studied in this paper.
This paper investigates the essentiality of using an adjustable mu-
tation rate on a structure-changing dynamic optimisation problem.
Thus, we consider the elitist and non-elitist versions of the static
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Algorithm 1 (p, 1) self-adaptive EA [1]

Require: Fitness function f : X — R.
Require: Population sizes y, A € N, where 1 < p < A
Require: Adaptation parameters A > 1, and b, pinc, € € (0, 1).
Require: Initial population Py € Y A

1: fort =0,1,2,--- until termination condition met do

2: Sort P; based on P¢(1) > -+ > P;(A) T,

3: fori=1,...,Ado

4 Set (x, x/n) := Pr(I+(0)), I(i) ~ Unif([]).
min{Ay, n/2} with probability pj,.

5: Set y’ := .
max{by, en} otherwise.
6: Create x’ by independently flipping each bit of x with
probability y’/n.
7: Set Py1+1(i) := (x/, x' /n).

mutation-based EAs (in Appendix A). There exist several compar-
ative theoretical studies between elitism and non-elitism in EAs
[3, 4, 8, 19]. Section 5 shows that mutation-only EAs with any fixed
mutation rate, are not able to track optima in the DSM problem.

Algorithm 1 describes the (u, 1) self-adaptive EA, which has
demonstrated efficacy in solving unknown structure problems [1].
In the self-adaptive EA, each individual encodes its own mutation
rate, in addition to its solution, defining the self-adaptive popula-
tion P; € Y4, where Y = {0,1}" x (0, 1/2]. Given a self-adaptive
population Py = (x;, yi/n);e[1], we define the set of solutions of
Py as Q; := (xi)je[]- In generation ¢, the population P; is sorted
first by fitness function f and then by individuals’ mutation rates,
preferring higher values for both (Line 2). Each individual is then
produced through (i, A) selection (Line 4), mutation rate adapta-
tion (Line 5), and solution mutation (Line 6). In the mutation rate
adaptation, the selected individual inherits an increased mutation
parameter Ay with probability p,., and a reduced mutation param-
eter by otherwise, where A > 1 and b, pinc € (0, 1) are algorithm
parameters. The solution of the individual is then mutated bitwisely
with the new mutation rate. Thus, the sorting and mutation rate
adaptation methods are crucial components of the algorithm, allow-
ing the mutation rate to vary from € to 1/2, where € > 0 represents
the minimum mutation rate.

3 LEVEL-BASED THEOREM (TAIL BOUNDS)

The level-based theorems [2, 4, 13] are general tools that provide an
upper bound of the runtime of non-elitist algorithms which follow
the scheme of Algorithm 2 with a population P; € X A, where X4
is the space of all populations of size 1. Assume that the search
space X is partitioned into ordered disjoint subsets (called levels)
Ay, - A Let Ayjo:= Ukm:jAk be the search points in level j
and higher, and let D be some mapping from the set of all possible
populations X 4 into the space of probability distributions of X.
Given any subset A C X, we define |P; N A| := [{i | P;(i) € A},
i.e,, the number of individuals in P; that belong to A. To estimate
an upper bound on the runtime using level-based theorems, three
conditions must typically be satisfied: (G1) requires the probability
of level “upgrading”, i.e., creating an individual in higher levels; (G2)
requires the probability of the number of individuals in higher levels
“growing”; (G3) requires a sufficient population size. Specifically,

T, ) = (¢ x) & f(x) > fFE)V () = f) A x 2 1),

Lehre and Qin

in [4], a new level-based theorem has been proposed to address
the issue of “deceptive” regions B that contains individuals with
a higher selection probability but at a lower level. The theorem
includes an additional condition (G0) that requires the probability
of producing a “deceptive” individual to decrease if too many such
individuals in the population.

In the theory of EC, besides the expected runtime, tail bounds
can be other performance criteria of EAs, which indicate the proba-
bility of runtime within a given evaluation budget. Few theoretical
tools were developed about tail bounds for EAs [12, 28, 29, 38]. In
this paper, we are interested in the probability that an algorithm
finds the current optimum in a specific evaluation budget. To ad-
dress our requirements, we derive the level-based theorem with tail
bounds (shown in Theorem 3.1). We assume that the search space
X partitions into B, Ao, A1, - - - , Am, then assume that the initial
population Py contains sufficient individuals in level A1 and the ter-
mination condition is to gain a population with enough individuals
in Ay,. Theorem 3.1 also consider a “deceptive region” B (condition
(C0)). The assumption that there are not too many individuals in
the region B holds for the initial population , i.e., |Py N B| < ¢pA.
Conditions (C1)-(C2) correspond to conditions (G1)-(G2) in the orig-
inal level-based theorems [2, 4, 13], and no condition corresponds
to condition (G3) since the tail bound is determined by the popula-
tion size A. Eventually, Theorem 3.1 gives the lower bound of the
probability of runtime within 77 evaluation times by choosing 7
and A. Compared to the original level-based theorems, the runtime
from Theorem 3.1 is mainly one more multiplicative factor 17217/ 8
where 7 is used to tune the upper bound for Pr(T < nr). In order
to fulfil the requirements into our scenario in Section 4, we refrain
from employing the multiple restarts argument that was utilised in
the proofs of the original level-based theorems [12, 28, 29, 38].

Theorem 3.1. Let (B, Ay, A1, - - - , Am) be a partition of X. Suppose

there exist z1, -+ ,zm—-1, 6 € (0, 1), and yo, Yo € (0, 1), such that the

following conditions hold for any population P € X* in Algorithm 2,

(Co) for all y € [¢o,1], if [P N B| < YA, then %r(P)(y €B) <
y~

(1-9)y,
(C1) forallj € [m—1],if|[PNB| < oA and |[P N Asj| > yoA, then

P A . > i
y~Dr(P) (y € Azji1) > 25

(C2) forallj e [0.m—1],andy € [1/A, yo] if[IPNB| < YpA and PN
Asjl = yoAand|PNAsj41| > yA, then Iz)r(P) (y € Asjr) 2
y~

1+ 9)y.
LetT := min{tA | |P: NAp| > yoA and |P; N B| < YA}, and assume
the algorithm with population size A € N and an initial population
Py satisfying |Po N A1| = yoA and |Py N B| < oA, then

A _ o),
Pr(T <nr) > (1 - 2’]1’6_52 mm{‘/’o’y"}’l/“) (1 — me™np MO )

. 52
foranyn € (0, e mm{%’y"}’l/“/r), where p = “fé—/s and t =
252/8_

17/8° -11 In(yoA)
20 (gt L (il 1))
To apply Theorem 3.1, we need to satisfy conditions (C0)-(C2),
which is the same as applying the original level-based theorems,
then we need to choose 1 and A to gain a desired upper bound for
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Algorithm 2 Population-based Algorithm

Require: Finite state space X and population size A € N; Map D
from X* to the space of probability distributions over X
Require: Initial population Py € X4

1: fort =0,1,2,--- until termination condition met do
2: fori=1toAdo
3 Sample P;41(i) ~ D(Py)

Pr(T < nr). For example, if conditions (C0)-(C2) hold for some con-
stants 8, Yo, yo € (0,1), zj := Q(1/n) and m € poly(n) by an instan-
tiated algorithm with population size A, then the upper bound for
Pr(T < nr)is (1 - nre‘Q(’l)) (1 - me_Q(”)).Ifchoosing/l =np=nf

for a constant € € (0, 1), then Pr(T < n7) = 1— e~ () In Section 4,
we will use Theorem 3.1 to prove that the (i, ) self-adaptive EA can
generate enough individuals matching the current target substring
in evaluation budgets from the previous target substring with an
overwhelmingly high probability. In comparison to the original
level-based theorems, Theorem 3.1 typically necessitates a larger
population size, e.g., cné, in order to achieve a sufficiently large tail
probability, i.e., 1 — e_Q(”E), where constants ¢, £ > 0.

Now we informally explain the proof idea. Pessimistically, the
algorithm gradually increases its level from A; to Ap,. There are m
steps from A1 to Ap,. In each step, the algorithm needs to generate a
higher-level individual, and then accumulate such individuals until
the population contains a sufficient number of such individuals. We
estimate the lower bound of the successful probability of each step
in certain evaluation times. Next, we consider the probability of
the “failure events”, i.e., the algorithm goes back to the previous
level, or produces too many “bad” (B region) individuals during the
algorithm running. Eventually, we compute the lower bound of the
probability that every step is completed without “failure events”.

ProoF oF THEOREM 3.1. We first define some notation for later
use. For any level j € [m] and ¢t € Ny, let the random variable
XEJ )= |[P; N Asj| denote the number of individuals in levels A ;
at time t. Let the random variable Y; := |P; N B| denote the number
of individuals in the region B at time ¢. The level J; of population
P; at time t is defined as J; := max{j € [m] : X{ > yoA}. We say
the algorithm upgrades its level in h generations if J;,p, > J; + 1.

We now estimate the probability that no “failure events” occur.
More precisely, “failure events” include less than ypA individuals
of population P in level A, and more than A individuals of
population P; in the region B. Given t > 1, let &; be the event
that J; > J;—1 and Y; < ypA, and define &; := & A--- A &;. By
condition (C2), the random variable (ng e-1) | Ei1) stochastically
dominates Z ~ Bin(A, (1 + d)yo). By condition (C0), the random
variable (Y; | &;_1) is stochastically dominated by Z’ ~ Bin(4, (1 —
&)¥p). Therefore, using a union bound, we have

Pr (ét | éz—1) >1-Pr (]t < J-1 | ét—l) - Pr (Yt > Yol | St—l)
=1-Pr (XEJH) < yol | St—l) - Pr (Yt > ol | 8t_1)
>1-Pr(Z <yd) —Pr(Z" > ypd) .
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We then use Chernoff bounds to estimate the upper bounds of
Pr(Z < yoA) and Pr (Z" > ypA):

Pr(Z < yoA) =Pr (Z < yoA1 +6) (l - %))

1)
=Pr (Z < E[Z] (1 - m))

__s? 52y
<e (1+5)2E[Z]/2 —e 21+ < e

_52
5yod/4, and

Pr(Z’ > oA) = Pr (z' > YoA(1 = &) (1 + %))

2 ’
=Pr (Z’ > E[Z'] (1 + %)) < CE Bz (i)

52|//0A ( S ) 52
- 2+ _ %A _ 52
= 0 /\BTS) o A2, Thus,

Pr (ét | SH) S 1 e O0A/4 _ g=6%0d /2
>1-— 9o~ min{yo,o}A/4 @)

Next, we consider the number of generations to increase the

level of the algorithm. We note that, by condition (C2), the random
variable (Xgr'lﬂ) | ng o+ vA, &) stochastically dominates Z” ~
Bin (A, (1 + 6) min{y, yo}) for any yA > 1. Therefore, if 1 < yA <

YoA, we have
Pr (XU'H) >1+8/2pA | XUV 5008 )
+1 = YAl X; Z YA or
>Pr(Z” 2 (1+6/2)yd) =1-Pr(Z"” < (1+5/2)yd)

é
=1—Pr(z” < (1+5)y}t(1— 2(1+5)))

=1-"Pr (Z" < E[Z"] (1 )) , then by a Chernoff bound,

T 21+96)

2
ElZ//J B SyA

1 e M7 » 1 — e 0¥A/8

__o%
>1—¢ H0+67 >1-¢9/8,

Then we define h := [logy, 5/, (voA)] < In(yod)/In(1 + 6/2) + 1.
Informally, h is the number of consecutive “growing” steps required
for the algorithm to upgrade its level. If there exists an individual
of the population P; in level A, 11, then the probability of the
algorithm upgrading its level in h generations is at least

Pr (Xﬁ{:;l) > yod | XY > 1,8”;,_1)

t+i—1

=[] (1 - e‘52/8) - (1 - e_52/8>h o

i=1

h
> ]ex (xﬁ{g“) > (1+68/2)0 | XV 5 (14 5/2)7, ém_l)
i=1

2
where we define p := % >1/(1-1/e) by § € (0,1).
e52/5_
Then, we note that by condition (C1) and following by (1 +
x/n)* < e* forn > 1,|x| < n, for any ¢,
Pr(3y < 11/ X5 2 11 8y

t+s;j

>1— (1-2) @D > 1176 > p71
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Thus, if we define 7(j) := [1/(z;A)] + h, we obtain the following
lower bound for the probability of the algorithm upgrading its level
in 7(j) generations,

Pr (]t+r(]t) 2 +1] 8[+r(},)—1)

>Pr (35,- < 1)z - XD 5 1| émj_l)

t+s;

(Je+1) Je+1 3 ~h—-1
Pr (XH‘T(L) > yod | XJH 2 1, am(m,l) > ph1,

In particular, we have the following upper bound for the proba-

bility that the algorithm does not upgrade its level in r])Ll7/ & t(Jr)
generations,

~ -h-1
br (Jnnmasr(m <Jel 8z+rml7/<"3r<ﬁ)) = (1 B )

Define 7(j) := ;7,117/53 Z{::l 7(i), and note that 7 > #(m — 1)A/n.
We then have
m—1

Pr(quHS,ﬂ) >pr( ) (Jfo) 2j+1) | &,
j:
1-Pr Ul (]f—(i) <j+ 1) | é,,, , by a union bound,
j=1

m-1
21— ) Pr (]f(j) <Jj+ 11z 2 ) Sqf)

j=1

m-1 N
21- Pr (Jf(j) <j+1|Jzgo1) =1 &ﬁ)

j=1

m-1 )
=1- Pr (].30_1)4_,“17/531(]-) <jl ]i(j—l) =J, 8171')

~.
Il
—_

”A17/53

\%

1-m (1 —pfh*l)

Recall Eq. (2), we know that, using the Bernoulli’s inequality (1 +
x)" >1+rxfor—1<x<0andr € Ny,

nr
A ~ N 2 . nt
Pr (am) >[er (at | at_l) > (1 — 2 mm{Yo"/’oW‘*)
t=1
>1- Zryre_&z min{yo, Yo }A/4 Hence,

Pr(T <nr)>Pr (T <nt| éﬂr) - Pr (ém)

,]/117/53 .
>[1-m (1 - p_h_l) : (1 —2nre® mm{)’(”‘/")}}‘/‘l) .

Since
_ In(yed) _ g by,
p—h—l > p W55 2 > p /) W1+3/D
2
In(yp) 1 In(yg) 52 /8-In(eS/8-1)
— p_ln(1+5/z)_2/1 log,(e)In(1+5/2) _ p_ln(lﬂs/z)_z/f T(1+5/2)

In(yo) _ 82/8+8/(25%) In(yg)
> p Wre/2 ) 6% > p*1n<1+5/z)*2/1—17/53,

thenby (1+ x/n)* <eXforn>1,|x| <n,Pr(T < nyr) >
__In(yp) _
1—menp MO 2) (1 - 2nre™® mi“{)’“"/")}’l/‘*) . a]
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. (a) el =1xl . (b) Il =1l +1 I(C) [0 =1x]-1
2 2 2
. D,
o) 5
k5
& Oy(lx ) 01, 1) 01, 1)
§ ntab ) | A aran
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Fitness Value DSM(z)

Figure 2: Level partitions for three cases in the proof of
Lemma 4.1. Note that level A is omitted in the subfigures.

4 SELF-ADAPTIVE EA TRACKS

We now show that the (y, 1) self-adaptive EA can track the DSM
problem. To prove this, we first derive Lemma 4.1 which shows
that the algorithm obtains a population with a sufficient number
of individuals matching the current target substring within the
evaluation budget with an overwhelming probability in a phase if
it successfully tracks in the previous phases. Then, Theorem 4.1
via Lemma 4.1 states the efficiency of the (u, 1) self-adaptive EA on
solving the DSM problem.

Case and Lehre [1] proved that the runtime of the (u, 1) self-
adaptive EA on optimising LEADINGONES (x) := Zle H;zl xj is
O(k?), where k is unknown for the algorithm. They divided the
search space Y into a two-dimensional level partition, fitness levels
and mutation rate sub-levels. Informally, to estimate the runtime,
they counted the number of generations to increase the mutation
rate until it is sufficiently high, and then counted the number of
generations until the solution improved. It is well-known that too
high mutation rates might fail non-elitist EAs. More precisely, there
exist error thresholds for non-elitist EAs, which lead to exponential
runtime on any function with a unique optimum if the mutation rate
exceeds the threshold [25]. Since the (p, A) self-adaptive EA applies
a non-elitist selection mechanism, they also defined a “bad” region
B which contains individuals with too high mutation rates. They
assumed that the algorithms restart from the first level if there are
too many individuals in the B region. However, algorithms cannot
be allowed to restart, since algorithms should keep the previous
optimal solution in our scenario. Therefore, it is essential to limit
the number of individuals in the B region in every generation to
avoid losing track while tracking the dynamic function.

Lemma 4.1 provides the probability of obtaining sufficient in-
dividuals matching the current target substring sz, in a phase of
the DSM*™-&k function within a given evaluation budget 73, by
assuming that enough individuals match the previous target sub-
string s at the beginning of the phase. Our proof idea is similar
to [1]. We first define the level partition in a phase of the DSM
problem. We partition the search space Y into three fitness lev-
els: Ag =: {x | M(x, s2) = 1}, A1 =: {x | M(x, 511) = 1}\Ag, and
Ap =: X\(A2 U A7). We further divide A; into mutation rate sub-
levels. Finally, we use the three threshold values 02, 7, 61 based on
the lengths of s, 525 to describe mutation rate sub-levels, which
will be defined later. Informally, a mutation rate between 6; and
0, is suitable for increasing fitness level, i.e., from A; to Aj. Let
d1 == min {f eN|eaAl > 91(|%1|)} be the number of sub-levels of
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Az, and let Az only contain one sub-level A, ;) with the number
of sub-levels dy := 1. We cannot allow too many individuals with
too high mutation rates, thus a “bad” region B is defined which
contains all search point above a threshold value 6;. Additionally,
the important assumption in Lemma 4.1 is |P N B| < ypA for the
population at beginning of the phase. In overall,

Ao = A1 X [A"—le,min (Afe, 91(|%1|))) for € € [di - 1]; (3)

if |522| = |221| + 1, we define

U

1
A,dy) = A1 X |01(|>1]), min (5, 92(|%1|))

Az X (min(%ﬂz(l%zl)),min(%ﬁz(l%ll))], 4

if |se5| = |221] or |5e2| = |521| — 1, we define

A(1,dy) = A1 X |01(]541]), min (%,92(|%1|))] ; ®)
A1) = Az X [6, min (A[e, 02(|%2|)]) ; 6)
B:=U%_ A; x (92(|%"|), %] ) (7)

Note that the sub-levels definition depends on the lengths of sub-
strings s¢1 and sz,. Figure 2 illustrates the three cases of the defi-
nition of the level partitions: (a) |»r2| = |2¢1| corresponding stages
(1) and (3), (b) |s22] = |5r1] + 1 corresponding stages (2), and (c)
|s¢2] = |5¢1] — 1 corresponding stages (4).

We apply the same threshold values defined in [1]: for j > 1, let

‘ 1 146\
n@) == 72 (1 - (m) ),where ay = Ap, 3)
61(j) = bn(j) ©
02(j) :=1- ql/j, where (10)
1- 1+6
q:= aog,ro = e, ipinc), and{:=1- ao(ro)H‘/%. (11)

Lemma 4.1. Let ¢,a, f € (0,1) and k > 0 be some constants satis-
fying 1/34 < a < B < 1. Let 3 € {0,1}"1 be some starting target
substring where {1 € ©(n%), and m € G)(nﬁ). Let »¢1 and s be
any two neighbouring substrings of the sequence of target substrings
(3¢))is0 in the DSM*>™€-k Let T; be the evaluation budget for s,
in the DSM*>™¢-K__Suppose that the initial population Py in Algo-
rithm 1 satisfies [Py N Ax(1,1)| 2 yoA and [Py N B| < yyoA, where
Yo and Yy are constants in (0, 1). Then, there exist constants § and
& in (0, 1) such that the probability of Algorithm 1 with parameters
Ap=0mé), Ap=ay>4A>1,0<b<1/1++/1/a0(1 = pinc)),
(1+68)/ap < pinc < 2/5, € = b’ /n for any constant b’ > 0, where A
and b are constants, obtaining a population Py with |Py N A3 1y| 2

YoA and |P; N B| < YA, wheret < T3, is 1 — e~ Q)

We apply the level-based theorem with tail bounds (Theorem 3.1)
to prove Lemma 4.1. We use serval lemmas to break down the
proof of Lemma 4.1. Lemma 4.2 implies the probability of selecting
individuals in a self-adaptive population. Lemmas 4.3-4.5 corre-
spond to conditions (C0), (C2) and (C1) in Theorem 3.1, respectively.
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Lemma 4.4 looks similar to Lemma 4 in [1], but their proofs are
different since the definitions of the level partitions are different.
The proofs of Lemmas 4.2-4.5 are in Appendices C.1-C.4.

Lemma 4.2. (Selection probability) If at least yA individuals of a
population Py of Algorithm 1 with A/ = ag are in Ax(; ¢) and at
most YA individuals in B satisfying Yo +y < 1/ao for g, y € (0,1],
then foralli € {1,2} and € € [d;], a parent (x, y/n) selected in step 4

satisfies, Pr ((x, x/n) € AZ(L[)) < yap.

Lemma 4.3. (Condition (C0)) Assume that the parameters A, b and

Pinc satisfy the constraints in Lemma 4.1. Then there exists a con-

stant § € (0, 1) such that if Algorithm 1 in step 4 selects a parent

(x, xy/n), then the offspring (x’, y’/n) created in steps 5-6 satisfies,
1-—

Pr((x’, x'/n) € B) < £,

Lemma 4.4. (Condition (C2)) Assume that the parameters A, b and
Pinc satisfy the constraints in Lemma 4.1. Then there exists a constant
6 € (0,1/10) such that forallj € {1,2} and{ € [d;], if Algorithm 1 in
step 4 selects a parent (x, y /n) € Ay ¢), then the offspring (x’, ' /n)

N 1+6.
= 0

created in steps 5-6 satisfies, Pr ((x’, x'/n) e Az(i,t’))

Lemma 4.5. (Condition (C1)) Assume that the parameters A, b and
Pinc satisfy the constraints in Lemma 4.1. Then there exists a constant
§ € (0,1/10) such that if Algorithm 1 in step 4 selects a parent
(x, x/n) € Ay, for £ € [dj — 1], then the offspring (x’, x'/n)

148
X

if the selected parent (x, y/n) € A(,q,), then the offspring (x’, x'/n)
satisfies, Pr ((x', x'/n) € Az(2,1)) = Q(1/|s)).

created in step 5-6 satisfies, Pr ((x’, x'/n) € Az(l,t’+1)) > , and

PRrROOF OF LEMMA 4.1. With the assumptions on Py, we can apply
Theorem 3.1 to prove Lemma 4.1. We first list some values from
the DSM*™-€:k for later use: 73 := kn¢|sc| for some constant
k> 0,|5a] = |52l <1, |2al, 52| € Q(n?) N O(nP). We also define
some values 1 := (1 —{/2)/ao, yo := {/2, & := 63¢/34, 1 := nel2,
We then know &, b, pinc, y0, %0, ¢, €, a, f, € € (0,1) and ap > 4 are
constants. We use the level partition defined in Eq. (3)-(7).

Condition (C0) implies not too many individuals in the B region,
i.e. at most YpA individuals, which is verified by Lemma 4.3, such

that Pr((x’, y’) € B) < ¢ 1- 5)% < (1 - 8)y for some

oo
¢
constant § < -7

To verify condition (C2), we must estimate the probability of pro-
ducing an offspring in A (; ¢) for i € {1,2} and ¢ € [d;], assuming
at least yA individuals in A (; ¢) for any y € (0, yo] and at most 1/
individuals in B. To produce such offspring, it is necessary to first
select a parent (x, y) in Ay (; ¢), and to create an offspring (x’, x”)
in A, (;,¢). The probability of selecting a parent (x, x) € Ay (; ¢) is
at least yA/p = yap by Lemma 4.2. Then the probability to create
an offspring (x’, y’) € Ax(;,¢) is at least (1 + §)/ap by Lemma 4.4.
Thus, condition (C2) is satisfied by yao(1 + 8)/ag = y(1 + 9).

To verify condition (C1), we need to estimate the probability of
producing an offspring in a level higher than A (4 ¢) for ¢ € [d;], if
at least yp4 individuals in A (4 ¢). We only consider the case that
the parent (x, y) is selected from A (q ¢), in which its probability
is yoap from Lemma 4.2. Then by Lemma 4.5, the probability of
producing an offspring in A(; ¢41) is (1 + 8)yo =: z(1,¢) for all £ €
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[d1 — 1], and the probability of producing an offspring in A, 1) is
Z(1,d)) = Q(1/|52]) for € = 1.

Now, we can compute the lower bound of probability of runtime
T < 7;. By Theorem 3.1,

_ 17/53 1 _ ln(YOA)
T=nA (_z e +((1+d)yo)(d1 — 1)+ d1A (—ln(l +0/2) +1

since 8, o € (0, 1) are constants and d; € log(n),
= 0(7A17/%" (23] + 210g(m) loglog(r)) )

since A € ©(nf), |55] € Q(n?) and ¢ = 83¢/34 < 1/34 < q,
=0 (1719 35]) = 0 (|2

e/ 2). Thus there exists r € O (n®|s2|) and constant

ifweletn = © (n
¢ > 0 satisfying 73 = cn|s2| > nr, Such that,
Pr(T < 73) = Pr(T < nr)

__In(yp) _
> (1 —2pre? min{zpo,m}x/s) (1 .

since &, Yo, yo € (0, 1) are constants, and = @(nf/z), Ae @(n’f),

= (1 - e_Q(’l)) (1 - e_Q(”)) =1- Q%)
m

Theorem 4.1 then presents the efficiency of the (g, 1) self-adaptive
EA in addressing the DSM problem. Apart from population size,
other parameters such as A, b, and pjy align with the previous study
about unknown-structure optimisation in [1]. This demonstrates
that there is no need to tune these parameters based on the specific
problem. Utilising a larger population size may be necessary for
tracking dynamic optima. In previous studies [5, 6], a similarly large
population size of ©(n¢) was employed to track optima.

Theorem 4.1. Let ¢,a, f € (0,1) and k > 0 be some constants sat-
isfying 1/34 < a < < 1. Let € := b’ /n for any constant b’ > 0.
Consider a starting target substring s € {0, 1300 with £ € O(n%)
and m € ©(nP). Assume that all individuals in the initial popu-
lation Py in Algorithm 1 match s and have a mutation rate of €.
Then, there exists a constant ¢ € (0, 1) such that the probability of
Algorithm 1 with parameters A, ju = ©(nd), A/y = ag > 4, A > 1,
0 <b<1/(1++1/ao(1 = pinc)), (1 + )/ < pinc < 2/5, and e,

where A and b are constants, tracking DSM?SMs€5k g1 — e_Q(”g).

5 STATIC MUTATION-BASED EAS GET LOST

This section shows that static mutation-based EAs (Algorithms 3-4
in Appendix A) get lost in tracking the DSM problem. We first de-
rive Lemma 5.1, which provides the upper bound of the probability
of the static mutation-based EAs moving from one optimum to the
next optimum in the evaluation budget of the DSM problem. This
upper bound is with respect to the length of the current target sub-
string and the mutation rate of the static mutation-based EAs. From
Lemma 5.1, too high or too low mutation rates lead the algorithms
to achieve the current optimum in the given evaluation budget with
an insufficient probability, i.e., at most, a constant probability. More
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precisely, too high mutation rates are y/n where y € Q(n'*¢/¢)
and too low mutation rates are y € O(n!=¢/¢). Then Theorem 5.1
is proved via Lemma 5.1, which shows that there is no existing
mutation rate that tracks the DSM problems with a high probability
(the proof'is in Appendix C.6).

Lemma 5.1. Let 51 and s be two substrings where 31, 325 € {0, 1}
and H(s1, 5c9) = 1 for £ € [n]. Let e € (0,1), yo € (0,1] and k >
0 be arbitrary constants. Assume that all individuals of the initial
population Py of the static mutation-based EA are matching 1. Then
the probability that the static mutation-based EAs using mutation

rate y/n where y € (0,n/2] find a solution matching >z, in knt£
kn®t

2y £=1
xie X w "
n

evaluations isp < 1 —exp (—)(e_)(% %) (1
Proor. By the assumption of H(¢, 22) = 1, in any generation
t, if there is no individual in P; matching s, then any individual
in P; has at least one mismatched bit to srz. We optimistically
assume that the selection operators (Line 3 of Algorithm 3 and
Line 3 of Algorithm 4) always return the closest neighbour of the
set of solutions matching s, i.e., with one mismatched bit and
¢ — 1 matched bits. To obtain a solution matching sz, the mutation
operator must flip the mismatched bit of x, and do not flip any
mismatched bit in which the probability is (1— y/ n)f=1( x/n). Then,
such an event happens at least once in kn®¢ evaluations with p =

. knfet
kn®¢t -1 n-
-1 n-= n
1—(1—(1—1) K) =1—(1—(1—5) "1)
n n n n
- n_knff
<1- (1 —e X l) " by (1+x/n)" < e* and Lemma B.1
n
-1
-1 kn®¢ Yl wm "
<1-— —ve X —
exp( xe " )( "

O

Theorem 5.1. Let ¢,a, f € (0,1) and k > 0 be some constants satis-
fying1/2+¢ < a+2¢e < f < 1—¢. Let ¢ € {0,1}51 be some starting
target substring where {1 € ©(n%), and m € O(nP). Then the static
mutation-based EAs using any mutation rate y/n € (0,1/2] and

population size A € N tracks DSM?*™ €K ith probability Q).

6 CONCLUSION

This paper demonstrates the benefits of self-adaptation in dynamic
optimisation. Our analyses show that static mutation-based EAs
have a negligible chance of tracking this dynamic optima with
changing structure, while the self-adaptive EA can track them. We
also provide a level-based theorem with tail bounds to evaluate the
performance of the self-adaptive EA on the DSM problem. Future
work involves investigating self-adaptive EAs in more general set-
tings of the DSM problem, as well as other existing dynamic optimi-
sation problems, and identifying the limitations of self-adaptation.
Additionally, future work also includes exploring other parameter
control mechanisms [9, 11, 17, 18, 41] under dynamics.
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A ALGORITHMS
Algorithm 3 Static Elitist Mutation-based EA

Require: Fitness function f : X — R.
Require: Population sizes y, A € N.
Require: Mutation rate y/n > 0.
Require: Initial population Py € X*.

1: for t = 1,2, until termination condition met do

2 fori=1toAdo

3 Sample x ~ Unif(P;).

4 Set P;11(i) := x’, where x’ is created by independently

flipping each bit of x with probability y/n.
5: Set P;41 as the p best individuals of Py U P,.1 based on f.

Algorithm 4 Static Non-elitist Mutation-based EA

Require: Fitness function f : X — R.
Require: Population size A € N.

Require: Mutation rate y/n > 0.

Require: Selection operator Dy, : X4 — X
Require: Initial population Py € X*.

1: for t = 1,2, until termination condition met do

2 fori=1toAdo

3 Sample x ~ Dy (P;) based on f.

4 Set Py4+1(i) := x’, where x’ is created by independently

flipping each bit of x with probability y/n.

B USEFUL THEOREMS AND INEQUALITIES
B.1 Useful inequalities
Lemma B.1([37]). (1 + %)n > eX (1 - XTZ) forneN,|x| < n.

B.2 Lemmas

Lemma B.2 is an adaptation of Lemma 4 in [1], but with some irrel-
evant items removed from the original. It applies to the values of
02, n, and 6, as defined in Eq.(8)-(10).

Lemma B.2. Let A > 1, b < 1, and pinc € (0,1) be constants sat-
isfying the constraints in Lemma 4.1. Then there exists a constant
& € (0,1/10) such that for all j € [n] and y/n € [e,1/2],

(1) 020)) = Q(1/)), (4) bn(j) = 6:()),

(2) 0:() = 0(1/)), (5) bba(j) < 02 + 1),

(3) An(j) < 020)), (6) Ab1(j) < 62(j + 1),

(7) if & < n(j), then (1= Ay/ny > =2,

(8) if L < 6,()), then (1 ~ by/n = 75—

C PROOFS
C.1 Proof of Lemma 4.2

PROOF OF LEMMA 4.2. By the definition of levels, for any (x1, 1)
€ Aq,j) and (%2, x2) € A(1,k)> we know that (1, x1) < (2, x2)
if and only if 1 < j < k < dj. For any (x1, y1) € Aq)
and (x2, y2) € A(z,1), we know that (x1, y1) < (x2, y2) where
J € [di]. We also pessimistically assume that (xp, y;) > (x, x)
where (xp, xp) € B and (x, y) € Y\B. Thus, the higher level in-
dividual alway has a higher rank after sorting in step 2 of Algo-
rithm 1, except individuals in the B region. Since 0 < yA < p—tho4,
all yA individuals in A (; ¢) can be selected with probability 1/u

Lehre and Qin

in the (y, A) selection. Thus the probability of selecting a parent
(x, x/n) € As(i ¢) is at least yA/p = yao. o

C.2 Proof of Lemma 4.3

Proor oF LEmma 4.3. We divide into two cases based on the
individual created by Line 5 in Algorithm 1 (after selection and
mutation rate adaptation):

o If (x, x’/n) € B, then y’/n > 0a(|xj|) and M(x, 5;) = 1 for
j € {1, 2}. The probability that (x’, y’/n) still in B, i.e., does not
flip any matched bit, is (1 — )('/n)l}‘f ! By the definition 62(|¢;|),
such probability is at most %.

e If (x, y’/n) ¢ B, then it is necessary to match any substring or
switch the matching substring, i.e., at least flipping only one

matched bit, to obtain (x’, y’/n) € B. This probability is at most

W=y mPI L < 1y ol < 2L

C.3 Proof of Lemma 4.4

Proor oF LEmma 4.4. If the selected parent (x, x/n) is in Ay 1),
then, by the definition of the levels, we know y/n < 02(|s22]). To
estimate the probability of producing an offspring (x’, y’/n) €
As(i,¢), it is sufficient to only consider the case that the mutation
rate reduces y’ = by, and no matched bit is flipped, in which
ao(ll+f?mc) (by Lemma B.2 (8)),

respectively. Thus, Pr ((x’, x'/n) € AZ(,"[)) > Lo,

[e0)]

their probabilities are 1 — pj,. and

Ifthe selected parent (x, y/n)in A(; g,), then we know 6 (|5¢1]) <
x/n < 02(]511]) by the levels definition. We distinguish two cases
based on the mutation rate:

e 01(lsal) < x/n < n(|sal): Since (x,Ay) is still in A 4,) by
Lemma B.2 (3), we only consider the case that the mutation rate

increases y’ = Ay and no matched bit is flipped, in which the
1+8
@0 Pinc

Then, Pr ((x', x'/n)e AZ(Ldl)) z

probabilities are pin. and (by Lemma B.2 (7)), respectively.
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e n(l>al) < x/n < 6a(|sal): Since (x,by) is still in Ay g,) by
Lemma B.2 (4), we only consider the case that the mutation
rate reduces y’ = by and no matched bit is flipped, in which

the probabilities are 1 — pj,c and ao(ll+f)-) (by Lemma B.2 (8)),

respectively. Then this probability is at least %,

If the selected parent (x, y/n) in A(y ¢) for £ € [d1 — 1], then
we know y/n < 01(|2r1]) < n(|sc1]) by the definition of the lev-
els. We only consider the case that the mutation rate increases
x’ = Ay and no matched bit is flipped, in which the probabili-

ties are pipc and al(];ic (by Lemma B.2 (7)), respectively. Overall,
Pr ((x/’ X’/n) € A2(1,€+1)) > %. O

C.4 Proof of Lemma 4.5

ProoF OF LEMMA 4.5. Ifthe parent (x, y/n) € Ay ¢)for ¢ € [dj—
1], we only consider to produce an offspring (x’, '/n) € A ¢41)
by increasing the mutation rate and not flipping any matched bit,
such that Pr ((x’, x'/n) e A2(1,€+1)) > pinc (1 —A)(/n)l"l‘ > %
by the definition of levels and Lemma B.2 (7).
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If the selected parent (x, y/n) € A( q,), we distinguish three
cases:
o |r1| = 32| + 1: bO2(|711]) < 62(|5¢2]) by Lemma B.2 (5).
o sl = || = 1: 02(]5a1]) < Oa(]522]).
o x| = [eal: O2(]5a1]) = O2(I522)).
Thus, we only consider to produce an offspring (x’, y’/n) €
A(z,1) by reducing the mutation rate, and flipping one mis-
matched bit and not flipping other matched bits, such that

Pr (', ' /m) € Asrevn) = (1 = pine) (1= by/m)1=1 2X

Q(1/]522]), since 1 —by/n < 1= 0x(]se2]) < 1= 62(1) € Q1)
and 2L < b6;(|5a]) = b2n(Jsal) = b6:(15a))/A € Q1/|522]) by
Lemma B.2 (3) and (1). O

C.5 Proof of Theorem 4.1

Proor oF THEOREM 4.1. By the level definition in Eq. (3)-(7),
we know that the initial population Py satisfies the assumption
of Lemma 4.1. Then by Lemma 4.1, the probability of the algo-

. . . . —Q(né¢ 4m
rithms successfully tracking in all phases is (1 — e Ut )) =

1— e Q). |

C.6 Proof of Theorem 5.1

Proor. We prove Theorem 5.1 via Lemma 5.1. We consider two
cases in tracking dynamic optima of the DSM problem to show
that the static mutation-based EAs are not able to achieve the final
optimum with high probability.

Let {5 := {1 + m, then {5 € @(nﬁ). Based on the mutation rate,
we can categorise the scenarios into two situations:

(1) Assume that all solutions in the current population of the
static mutation-based EAs using a mutation rate y/n satisfying
n/2 > y € Q(n'~A*+¢) match »!~! where i € [2m + 1..3m]. Then
by Lemma 5.1, the probability of matching »’ in 7; = knf{; evalu-
ations is at most

kn€¢ty
n

p<1-exp (-xe‘X% k”%)
n

-1
1 Xze_zsz

n
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by the assumptions, we know that there exists some constants

¢’,¢” > 0, such that ¢/nl=F+¢ < x < n/2and {, = ¢’nP, then
y-1 ” "€ &

XE_XZT kn;[z < %exp (_C/nlfﬁJrgc nj—l) kc rrzl n# :O(nﬂJr )

= ent

n

Lyl 2 _ o' pl-pre nP
€ o(1), and xex < (n/2) exp( e " )

n - n
o(1), then

=02 e
e

ke nénb

=1-e D1 -0(1) 7
. kn®ly _ 1 11, B+e—1
since ~——2 = kc''n <1lbyf<1-e¢,

=1-e°W(1-0(1) =0(1) < &

where & € (0, 1) is some constant.

(2) Now we assume that all solutions in the current population
of the static mutation-based EA using a mutation rate y/n satis-
fying y € O(n1=97¢), are matching »*~! where i € [m]. Then, by
Lemma 5.1, the probability of matching s in 7; = kn®{, evalua-
tions are

knf ey
n

£1-1
@kn%) ) yPe 2 T

p<1-—exp (—){e_)( n

n n

by the assumptions, we know that there exist some constants

d’,d” > 0, such that d’'n'=%¢ > y > 0 and £; = d”’n%, then
£-1

£1-1 £ "o a+ 2,2 —H5—
ye X Kl o grploame 0 kAT _ jgrg and L€ T <
1M\2 . 2(1-a—¢€) ,0
(d")°n - e _ pl-2a-2¢ _ o(1)by a + ¢ > 1/2, then

kd”’n¢n?

<1-e ko) <&

the last equation holds for some constant £ € (0,1) since 1 — ¢ > f.

By the assumption 1 —a —¢ > 1 — f + ¢, we know that
o(n'=%4) N Q(1 - B + ¢) = (0,n/2], so that all mutation rates
in (0, 1/2] lead the static mutation-based EAs to track the optimum
s in the evaluation budget 7; with probability at most & for either
i € [m]orie [2m+ 1..3m]. Thus, the total probability of tracking

every target of DSM?*5™€:k i at most &m e e‘Q(”ﬁ). O
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