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Outline

• Background

• Self-adaptive parameter control mechanism
• Previous results:

OneMax (Doerr et al., 2021)
Unknown-structure (Case and Lehre, 2020)
Multi-modal (Lehre and Qin, 2022; Dang and Lehre, 2016)
Noisy optimisaiton (Qin and Lehre, 2022)

• (µ,λ) self-adaptive EA (Case and Lehre, 2020)

• Dynamic Optimisation Problems:
• The objective function changes over time (Jin and Branke, 2005).

• Dynamic Substring Matching (DSM) problem

• Our results

• Static mutation-based EAs unlikely solve DSM problems.

• (µ,λ) self-adaptive EA tracks dynamic optima in DSM w.h.p.

• Conclusion 2 / 16



Motivation

• EAs are parameterised algorithms.

• Parameter setting can dramatically impact the
performance of EAs (Doerr and Doerr, 2020).

• Parameter setting is instance- and state-dependent
(Doerr and Doerr, 2020).

↓
Potentially harder in dynamic environments

• Classification scheme of parameter setting (Eiben et al.,
1999):

=⇒ IMPORTANCE

=⇒ DIFFICULTY
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Self-adaptive Parameter Control Mechanism

The individual with “right” parameter setting is promising to improve.
⇑

Self-adaptation is a more natural way to control parameters
⇒ Encode parameters into genome and
⇒ Evolve together parameters with solutions
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A Framework of Self-adaptive EAs

({0,1}n × (0,1/2])λ

…⇒→ Sort →

f(x)

→

→

χ
n

Pt+1

→ Select →(z, χ
n

)→→

Mutate χ χ′ 

n
→

Mutate z

→

→
A, pinc

→

(y, χ′ 

n
)

y

→…⇒

ReplicationsλPt
Sorted

Pt

∈

• Comparison (sorting) rule: Prefer to higher fitness than higher mutation rate.

• Selection Mechanism: k-tournament, (µ,λ), Power-law, etc.

• Mutation Rate Adaptation Strategy: m′(χ) : R → R
⇒ Increase by ×A > 1 with prob. pinc, otherwise decrease by ×0 < b < 1.

• Bitwise Mutation Operator: Mutate the solution z with adapted (new) mutation rate.
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Studied Self-adaptive EA

Algorithm 1 (µ,λ) self-adaptive EA (Case and Lehre, 2020)

Require: Fitness function f : X → R.
Require: Population sizes µ,λ ∈ N, where 1 ≤ µ ≤ λ.
Require: Adaptation parameters A > 1, and b, pinc, 󰂃 ∈ (0, 1).
Require: Initial population P0 ∈ Yλ.
1: for τ = 0, 1, 2, · · · until termination condition met do
2: Sort Pτ based on Pτ (1) ≽ · · · ≽ Pτ (λ)

†.
3: for i = 1, . . . ,λ do
4: Set (x ,χ/n) := Pt(It(i)), It(i) ∼ Unif([µ]).

5: Set χ′ :=

󰀫
min{Aχ, n/2} with probability pinc

max{bχ, 󰂃n} otherwise.

6: Create x ′ by independently flipping each bit of x with probability
χ′/n.

7: Set Pτ+1(i) := (x ′,χ′/n).

†(x,χ) ≽ (x′,χ′) ⇔ f (x) > f (x′) ∨ (f (x) = f (x′) ∧ χ ≥ χ′),
6 / 16



Dynamic Substring Matching (DSMκ,m,ε,k) problem ‡

• To match a sequence of bit-flipping and length-varying target substrings
(κi )i∈[4m] in a sequence of corresponding evaluation budgets (Ti )i∈[4m].

• The length of target substrings varies between ℓ1 and ℓ2 where
ℓ2 = ℓ1 +m.

• Evaluation budgets (Ti )i∈[4m] depends on the lengths of the target
substrings, i.e., knε|κi |.

• The target substrings are changed after evaluation budgets run out.
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0011110000 |1011
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0000110111 |1(4)

ϰ16
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A sequence of target substrings in

an example of DSMκ,m,ε,k

(κ = 110, n = 20, m = 4), s.t.
ℓ1 = 10 and ℓ2 = 14.

‡ε ∈ (0, 1), k > 0, κ ∈ {0, 1}ℓ1 where ℓ1 ∈ [n − 1], and m ∈ [n − ℓ1] are the parameters of the DSM problem 7 / 16
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Dynamic Substring Matching (DSMκ,m,ε,k) problem
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Four Stages:

⇐ Starting target substring κ ∈ {0, 1}ℓ1

⇐ (1) i ∈ [m], κi−1 and κi are the same length but one bit
different

⇐ (2) i ∈ [m + 1..2m], the target substrings are becoming
longer

⇐ (3) i ∈ [2m + 1..3m], similar to stage (1): κi−1 and κi are
the same length but one bit different

⇐ (4) i ∈ [3m + 1..4m], the target substrings are becoming
shorter

Algorithms are required to find solutions that match the current target
substring within the evaluation budget of knε|κi |.
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Dynamic Substring Matching (DSMκ,m,ε,k) problem
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Theoretical Analysis on DSMκ,m,ε,k

Static mutation-based EAs
(Theorem 5.1)

(µ,λ) self-adaptive EA∗

(Theorem 4.1†)

Constants ε, a,β, ξ ∈ (0, 1) and k > 0

Starting target substring |κ| = ℓ1 ∈ Θ(na) and m ∈ Θ(nβ)

⇓
ℓ1 ∈ Θ(na) and ℓ2 ∈ Θ(nβ)

1/2 + ε <a+ 2ε < β≤ 1− ε 1/34 ≤a ≤ β≤ 1

Solves with prob. e−Ω(nξ) Solves with prob. 1− e−Ω(nξ)

∗Using parameters satisfying λ, µ = Θ(nξ), λ/µ = α0 ≥ 4, A > 1, 0 < b < 1/(1 +
󰁳

1/α0(1 − pinc)),

(1 + δ)/α0 < pinc < 2/5, and 󰂃 := b′/n for any constant b′ > 0, where A and b are constants.
†We provide a level-based theorem with tail bounds, which bounds the chance of the algorithm finding the current optima

within a given evaluation budget.
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Conclusion

• Mutation-based EAs with a fixed mutation rate are unlikely to track
dynamic optima in DSM problems.

• The self-adaptive EA tracks them with an overwhelmingly high
probability.

• Furthermore, we provide a level-based theorem with tail bounds.

• Future work:

• To analyse self-adaptive EAs on other existing dynamic problems.

• To explore other parameter control mechanisms under dynamics.

• · · ·
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Definition of the DSM Problem

Definition
Let κ be some starting target substring where |κ| =: ℓ1 ∈ [n − 1], and m be a positive integers where ℓ1 + m =: ℓ2 ≤ n. Let

(κi )i≥0 be a sequence of target substrings generated by

κi :=

󰀻
󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰀽

κ if i = 0,

z, where z ∼ Unif(N(κi−1)) if 1 ≤ i ≤ m,

κi−1 ⋄ a, where a ∼ Unif({0, 1}) if m + 1 ≤ i ≤ 2m,

z, where z ∼ Unif(N(κi−1)) if 2m + 1 ≤ i ≤ 3m,

z, where z ∼ Unif

󰀕
N

󰀕
κi−1

1:(|κi−1|−1)

󰀖󰀖
if 3m + 1 ≤ i ≤ 4m.

Let (Ti )i∈N be a sequence of the numbers of evaluation moving from κi−1 to κi (evaluation budget for κi ) generated by
Ti := knε|κi+1|, where ε ∈ (0, 1) and k > 0 are some constants. For t ∈ N, the dynamic substring matching (DSM)
problem with the starting target substring κ is defined as:

DSM
κ,m,ε,k
t (x) :=

󰀻
󰁁󰀿

󰁁󰀽

2 if M(κ(t), x) = 1,

1 else if M(κ′(t), x) = 1,

0 otherwise,

(1)

where κ(t) := κi , and κ′(t) := κi−1,

for i =

󰀫
1 if t ≤ T1,

1 + max
󰁱
j |

󰁓j
i=1 Ti ≤ t

󰁲
otherwise.
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Level-based Theorem with Tail Bounds

Theorem

Let (B,A0,A1, · · · ,Am) be a partition of X . Suppose there exist z1, · · · , zm−1, δ ∈ (0, 1), and
γ0,ψ0 ∈ (0, 1), such that the following conditions hold for any population P ∈ Xλ in
Algorithm 2 of this paper,

(C0) for all ψ ∈ [ψ0, 1], if |P ∩ B| ≤ ψλ, then Pr
y∼D(P)

(y ∈ B) ≤ (1− δ)ψ,

(C1) for all j ∈ [m − 1], if |P ∩ B| ≤ ψ0λ and |P ∩ A≥j | ≥ γ0λ, then Pr
y∼D(P)

󰀃
y ∈ A≥j+1

󰀄
≥ zj ,

(C2) for all j ∈ [0..m − 1], and γ ∈ [1/λ, γ0] if |P ∩ B| ≤ ψ0λ and |P ∩ A≥j | ≥ γ0λ and
|P ∩ A≥j+1| ≥ γλ, then Pr

y∼D(P)

󰀃
y ∈ A≥j+1

󰀄
≥ (1 + δ)γ.

Let T := min{tλ | |Pt ∩ Am| ≥ γ0λ and |Pt ∩ B| ≤ ψ0λ}, and assume the algorithm with
population size λ ∈ N and an initial population P0 satisfying |P0 ∩ A1| ≥ γ0λ and
|P0 ∩ B| ≤ ψ0λ, then

Pr (T ≤ ητ) >
󰀓
1− 2ητe−δ2 min{ψ0,γ0}λ/4

󰀔󰀣
1−me−ηρ

− ln(γ0)
ln(1+δ/2)

−2
󰀤

for any η ∈
󰀓
0, eδ

2 min{ψ0,γ0}λ/4/τ
󰀔
, where ρ = eδ

2/8

eδ
2/8−1

and

τ := λ17/δ3
󰀓󰁓m−1

j=1
1
zj

+mλ
󰀓

ln(γ0λ)
ln(1+δ/2)

+ 1
󰀔󰀔

.
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